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To each topological space X, one can assign the least cardinality of an open cover with each member contractible
inside X. If this cardinality is finite, then the related number is called the Lusternik—Schnirelmann category of
X. Recently, Kohei Tanaka modified the notion of Lusternik—Schnirelmann category (still a number) so that it is
an invariant of (actual) small categories. A classical theorem says that the Lusternik—Schnirelmann category of a
topological space can be bounded from below by its cup-length (a number determined by its singular cohomology
ring). In the present paper, an analogous result is proved, where X is a small category. On the way to this result, an
exposition of the nerve construction and cohomology of a small category is given, and the functoriality and ,,homotopy*
invariance of this cohomology are proved.

KOHOMOLOSKA SPODNJA MEJA ZA LUSTERNIK-SCHNIRELMANNOVO STEVILO MAJHNE KATEGORIJE

Za topoloski prostor X se poraja vpraSanje: kaksna je najmanjSa kardinalnost odprtega pokritja X, za katerega
velja, da je vsaka odprta mnozica kontraktibilna znotraj X? Kadar je ta kardinalnost koné¢na, se ustrezno Stevilo
imenuje Lusternik—Schnirelmannova kategorija X. Kohei Tanaka je pojem Lusternik—Schnirelmannove kategorije
(3tevilo) priredil, tako da se aplicira na (dejanske) majhne kategorije. Klasi¢ni izrek pravi, da je Lusternik—Schnirel-
mannovi kategoriji topoloskega prostora X mogoce postaviti spodnjo mejo — kupa-dolzino (angl. cup-length), defini-
rano preko singularne kohomologije X. V pricujocem ¢lanku je dokazan analogni izrek, kjer je X majhna kategorija.
Na poti do tja so predstavljeni pojmi zivca, kohomologije majhne kategorije, funktorialnosti in ,homotopske* invari-
antnosti te kohomoloske konstrukcije.

1. Introduction

Let X be a topological space. The Lusternik—Schnirelmann category of X is defined as the lowest
possible cardinality of a finite open covering of X with the property that each member of the
covering is contractible inside! of X. The notion has great importance in relation to the area of
topological complexity [1]. The notion of Lusternik—Schnirelmann category has then been modified
by Kohei Tanaka [2] so that it applies to small categories instead of topological spaces. A flurry of
results followed [3, 4, 5] which treat small categories analogously to topological spaces, establishing
categorical versions of classical theorems of classical topology. The present paper is concerned
with establishing one such categorical analogue of a classical topological theorem. The topological
theorem says that for a topological space X, the cup-length of X, defined via the singular cohomology
of X, is smaller than the Lusternik—Schnirelmann category of X. Our goal in this article is two-fold.
One is our main theorem: if X is a connected small category and there exists a finite geometric cover
of X with subcategories contractible in X, then the cup-length cl(X) is finite and cl(X) < cat(X).
We will define the cup-length cl(X) in analogy with the definition of cup-length for topological
spaces (indeed the two definitions are related to a certain degree). Of course, for that to work, a
cohomology theory of small categories has to be in place. So the second goal of this paper is to
present how a cohomological construction for small categories can work.

The organisation of this paper is as follows. In section 2. we give an introduction to simplicial
sets and our cohomological construction. In section 3. we show that for each small category X,
the resulting cohomological construction on X gives a graded commutative ring, analogously to the

LA subset U of X is contractible inside X, if the inclusion map U < X is nullhomotopic.
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situation for singular cohomology (indeed the latter is a special case of the former). In section 4. we
show that our cohomological construction is functorial, and that the resulting functor enjoys a nice
property reminiscent of homotopy invariance of singular cohomology. Finally, in section 5. we define
the cup-length of a small category X and prove our main theorem. Although this paper presents
a result proved by the author independently (and later extended [2]) it is also an expository essay,
especially in the first half.

2. Simplicial sets and cohomology of small categories

Our aim in this section is to introduce simplicial sets, present the classical construction of cohomol-
ogy of simplicial sets, introduce the notion of a nerve of a small category, and finally construct the
cohomology groups of a small category by piecing together the constructions. This circle of ideas is
sometimes considered abstract, but what we want to show here is that these ideas are neighboring
on very classical notions from algebraic topology.

2.1 Simplicial sets

Simplicial sets are combinatorial objects, devised as a representation of homotopy types. Technically,
they are constructed as presheaves of sets on a simplex category A, which we are about to introduce.
The intuition should already be pretty clear to categorical enthusiasts. Since presheaves are colimits
of representable presheaves in a canonical way, and since colimits are intuitively something like
gluing, we may view an arbitrary simplicial set as a gluing of objects of the simplex category.
Therefore, if the objects of the simplex category A are precisely simplices, then a simplicial set will
have no choice but to be a formal gluing of simplices.

Definition 1. We define the simplex category A so that:
1. Objects of A are finite linearly ordered sets [n] = {0 < 1 < --- < n}, for integers n > 0.

2. A morphism in A is a monotone map f : [n] — [m]. In other words, f : [n] — [m] has the
property that 0 < i < j < n implies f(i) < f(j).

It is quickly seen that A is indeed a category with composition of morphisms defined in the expected
way.

Why would this be viewed as a category of simplices? We imagine each partially ordered set
[n], with n > 0, as a simplex with ordered vertices. For each injective map f : [n] — [m], we
imagine we have an inclusion of the n-simplex into the m-simplex as a face (or a subface — a face of
a face ...). For a general morphism f : [n] — [m] in A, we imagine a map from the n-simplex to
the m-simplex, which first performs a projection of the n-simplex into a possibly lower dimensional
simplex, and then embeds it into the m-simplex as a face (or a subface ...). In this way, A records
the information of maps between simplices, where the simplices have ordered vertices, and maps
respect these orderings (although they are not necessarily injective).

For integers n > 1 and 0 < j < n, define a morphism of A, 6} : [n — 1] — [n] with

57() z, ifxr<y
r+1, ifx>j.

Usually, we will write d; instead of 67, since the upper index n will be apparent from context. The
geometric interpretation of the map 47 is that this is the jth face of the n-simplex (that is, the face
that is opposite to the jth vertex of the n-simplex).
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Definition 2. Simplicial sets are cofunctors from the simplex category A to the category of sets (i.e.
presheaves on A). The value of a simplicial set X on [n] will be denoted X,,, for all nonnegative
integers n > 0.

As we said, simplicial sets were initially devised as combinatorial models of homotopy types. For
an exposition of the theory of simplicial sets in this spirit we suggest [0]. In modern view, simplicial
sets are also used in parts of higher category theory that blend category theory and homotopy
theory; expositions of this side of the theory of simplicial sets are in [7] and [8].

Definition 3 (Nerve). Let X be a small category. The nerve of X, denoted N(X), is a simplicial set
defined by:

1. for any integer n > 0, N(X),, is the set of functors from [n] to X,

2. for any arrow [m] EN [[] in the simplex category, we define the value of N(X) on f to be a
function

N(X)(f) : N(X)1 = N(X)m

given by precomposition with f, so that we may write explicitly
NX)(f)lgl =g/

2.2 The classical (singular) cohomology of homotopy types presented as simplicial sets

Singular cohomology is an algebraic invariant of topological spaces. Since it is homotopy invariant,
one can say that it is an invariant of homotopy types (indeed, singular cohomology, as a functor,
factors through the localization of the category of topological spaces at homotopy equivalences). Ho-
motopy types can, on the other hand, be presented by topological spaces and simplicial sets (among
possibly other things, depending on what precisely is meant by ,presented“). Therefore, singular
cohomology should correspond to a construction on simplicial sets. It turns out that the appropri-
ate construction for simplicial sets is already contained in the construction for topological spaces.
So here, we in fact review a cohomological construction for simplicial sets, which yields singular
cohomology of a topological space X, when the input simplicial set is the singular simplicial set of
X. In order to make a distinction between the classical singular cohomology of topological spaces,
and the cohomological construction presented here, we call our construction simplicial cohomology.

Let S be a simplicial set and A an abelian group. Denote by S(d;) = d; : Sp41 — Sp, 0 < j <
n + 1, the face maps. Define the chain complex associated to S to be:

0« ZSo <= 7.8, & 7.8y & 755 & . (1)
where for n > 0, ZS,, is the free abelian group on the set S,, and for n > 1, 9,, = E?ZO(—l)jdj.
We construct a cochain complex by applying the contravariant hom functor homgay, (e, A) to the
diagram (1). More concisely, we define the cochain complex to be:

0 — homap(ZSy, A) 2 homap(ZS;, A) 2 homap(ZSs, A) 2 ...
where for n > 0, homay,(ZS,,, A) is the abelian group of group homomorphisms from ZS,, to A and
by, = homap(0p+1,A) is the precomposition by Op41.
The cohomology groups of .S are defined as

ker(by,)

H°(S, A) = ker(bg) and for n > 1, H"(S, A) = b, )
1m{0p—1
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2.3 Cohomology of a small category

We have already described the nerve of a category and simplicial cohomology.

Definition 4. Cohomology of a small category X is the simplicial cohomology of the nerve N(X).

3. Cohomology ring

In this section we describe a construction of a graded ring, constructed by equipping the cohomology
groups with ring multiplication in a similar way as in singular cohomology. In fact, the construction
of the multiplication operation presented here specializes to the multiplication operation on the
singular cohomology of a topological space, when the simplicial set in question is the singular
simplicial set of a topological space.?

Let A be a commutative ring. Denote, for each n > 0, by C),(X) the free abelian group on the set
of functors [n] — X. Also, let us denote by C"(X, A) the abelian group homay(ZN(X),, A) (note

that we look at group homomorphisms into the underlying additive group of A) and accordingly by
by : C"(X, A) — C"H(X, A)
the accompanying maps in the cochain complex. Before moving on to the definition of the multipli-
cation, we have to fix some notation. Restriction of functors to categories will be important later,
especially along the following two types of morphisms in the simplex category.
Definition 5. For any integers 0 < a < b define a functor lo : [a] — [b], lo5(5) = j and rqp : [a] — [b],
Ta b( ) =b—a+ j
Let n > 0 and m > 0 be nonnegative integers. The following equalities can be checked to hold
through visualization:
5jln,n+m = ln+1,n+m+15j for 0 <j<n+1, (2)
5n+jrm,n+m = Tm+1,n+m+15j for0<j<m+1. (3)
Definition 6. For any integers 0 < n, 0 < m, define
C"X,A) x C"(X,A) Knm T, ot mX, A),

with a %pm 8(0) = a(olyntm) - B(OTmmntm)-

Lemma 7. For nonnegative integers n, m and o € C"(X, A), 5 € C™(X, A), we have

bn+m(a *nm 6) = bn(a) *n4+1,m /B + (_1)na *n,m+1 bm(ﬁ)
Proof. Let o : [n+m + 1] — X belong to Cp4+m+1(X). It suffices to show that by, (axnm 5)(0) =

(bn (@) *n41,m B)(0) + (=1)"(a*n,m+1bm(B))(0). Observe what the first term on the right-hand side
is equivalent to:

(bn(@) *nt1,m B)(0) = bn(a)(0lnt1,n+m+1)B(0Tmmn+m+1)

= a(an—i—l (Uln-i—l,n—‘rm-l—l ))/B(Urm,n—l—m—&—l )
n+1

= O‘(Z(_l)jganrl,nerJrl(Sj)B(O"'"m,n+m+1)
=0
n+1
= Z a(0ln+1,n4m+105)B(0Tmmnim+1)

n+1
= Z 0'6 iln n+m)ﬂ(arm,n+m+1)-

2The singular simplicial set of a topological space X is sometimes also called the singular complex of X.
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Notice in the last line we used (2). Similarly for the second term on the right-hand side:

(=1)"(a*nm+1bm(8))(0) = (=1)" (0l ntm+1)B(Om+1(0Tm+1,n+m+1))
m—+1

— (1) (s )BCS (10Tt nms165)
=0
n+m+1 ‘
= Z (_1)Ja(aln,n+m+1)B(Uéjrm,n+m)~

j=n

In the last line we used (3) and then changed variables. The last term of (b, (&) *p+1,m 5)(0) and
the first term of (—1)"(a *p,m+1 bm(5))(0) cancel each other. The remaining terms are precisely
brtm (@ Fpm B)(0). n

Lemma 8. We have the following statements:

1. if a € ker(by,) and B € ker(by,), then « %y, B € ker(bp4m),

2. if @ € im(b,,—1) and S € ker(by,), then a xp, 5 € im(bpim—1),

3. if a € ker(b,) and S € im(by,—1), then a *pp, 5 € im(bptm—1),

4. *pm is bilinear, in other words, it distributes over addition on both sides.
Proof. We check each of the statements individually.

1. Assume « € ker(by,) and 8 € ker(by,). Then byt (0 *pm B) = bp (@) *pnt1,m B+ (—1)"*pmi1
bn(B8) =0+0=0.

2. Assume o = b,_1(¢) and B € ker(by). Then bpim—1(¢ *n—1,m B) = bp—1(C) *nm B +
<_1)nilc*n—1,m+1 bm(ﬁ) = O *nm B + 0= a*pm 5

3. Assume a € ker(b,) and S = bp—1(¢). Then byiym—1(a *pm—1 () = bp(®) *nt1,m—1 ¢ +
(—1)"a*pmbm—1(C) = 0+(—1)"a*pm B = (—1)"a*pmB. Then akpy B = (—1)"bptm—1(0kp m—1
C) = bn+m71((_1)na *n,m—1 C)

4. Let o, f € C™"(X, A) and (,w € C™(X, A). Let 0 : [n +m] — X be arbitrary. Then

((+ B) Hnm ¢)(0) = (a + ﬁ)(gln,nﬂ-m)g(arm,nﬂ-m)
= (a(olnntm) + B(0lnntm))C(@Tmntm)
= a(0lnntm)C(0Tmntm) + B(0lnnim)C(0Tmmnim)
= (@ xnm ()(0) + (B *nm () (0)
= (aknm ¢+ B4nm ) (0)

which shows that (o + ) *nm ¢ = @ *pm ¢ + B *pm (. A similar calculation shows that

& xpm (€4 w) = @ *pm ¢+ @ *p w. n

Lemma 8 implies there is a well defined map

H™(X, A) x H(X, A) —— =" gr+m(X, A)

(o +im(bp—1), B+ im(bpm—1)) —— @ *pm B+ im(bpym—1),
which distributes over addition on both sides.
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Definition 9. Let X be a small category. Then define:

1. The cohomology of X with coefficients in A, as an abelian group, is:
oo
=P H"(X, A).
n=0

2. The cup product is the map H*(X, A) x H*(X, A) — H*(X, A), prescribed with:

k
(@wn) ~ (@ Pm) = @(ij ~jk—j Pk—j)-

n>0 m>0 k>0 j=0
Theorem 10. H*(X, A) with addition and the cup product is a ring.

Proof. We have to show that — makes H*(X, A) into a monoid and that -— distributes over addition.
In this paragraph we prove associativity of ~—. The x operation is associative in the sense that
for any nonnegative integers n, m and I, *pi1mi © (*nm X lotx,a)) = *nmti © (Lon(x,a) X *m1)-
Therefore
—ntmit ©(=nm X1g1(x 4)) ==nm+1 o(Lgn(x 4)X —m,)-
Let w =D, ~qwn, ¥ = B,,>0 ¢m and ( = @~ (; be elements of H*(X, A). Then we have:

(w—¢) = ¢=(EBO_wi —imjemiy) — &)

m>0 j=0 k>0

m l
= @(Z(Z Wy ~j,l—j @l*j) ~Ilm—I Cmfl)

m>0 =0 ;=0

=D Z(Wj — =i Pi—j) ~tm—1 Gm—1)
- m 1
- @(ZZ%’ —jm—j (P1—j ~1—jm—1 Cm—1))

m>0 1=0 j=0

m m
= EB(ZZWJ‘ ~j,m—j (@l—j ~1—jm—Il Cmfl))
m>0 j—O I=j
m

@Z% Jm—j Z@ljvljmlgm 1)
m>0
ij 7,m—j ZSOl ~lm—j— lCm —j— l))

Z —jm—j (P = Om—j)

(sovC)-

In this paragraph we describe the neutral element. Define an element é of H(X, A) = ker(bo)
with é(x) = 1 € A for any object x € X. A quick calculation shows that for any @ € C™(X, A),
n > 0, Exppr = axpo€ = . Define e € H*(X, A) with (¢;);>0 = (€,0,0,...). Forany w € H*(X, A),

evw:@(évovjwj):w

720

@

m=>0

E
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and similarly w — e = w.
We now turn to distributivity. Let once again w, ¢, € H*(X, A). Then:

(W+p)— (= @(Z(wj +©5) —jm—j Cm—j)
m>0 j=0
= @(Z(wj —jm—j Gm—j + €5 ~jm—j Cm—j)
m>0 j=0
=w—(+p—C(.
A similar calculation shows that w — (¢ + () =w — ¢ +w — (. "

4. Functoriality and homotopy invariance

In this section we review a notion of homotopy in Cat, giving rise to a homotopy category hCat.
Then we show that H*(e, A) is a homotopy invariant cofunctor Cat°® — Ring, as displayed by the
following diagram

Cat® ——— Ring

|

(hCat)°P.

Let us begin our description of homotopy between functors.

Definition 11. 3 is the category with objects Ob(3) = Z the integers, and the morphism sets have
the following description. If n € Z is an even integer, i.e. n = 2k for some k € Z, then 3(n,n+1) is
a singleton and 3(n+1,n) = 0. If n € Z is odd, i.e. n = 2k + 1 for some k € Z, then 3(n,n+1) =0
and 3(n + 1,n) is a singleton. If n # m and |m — n| > 2, then there are no morphisms between n
and m. Each integer n admits a unique endomorphism — its identity endomorphism. Composition
is defined in a natural way (note that each composable pair of arrows contains an identity).

Definition 12. Suppose n and m are integers, n < m. We denote by W, the full subcategory of 3
spanned by the set of integers {k;n < k < m}.

Definition 13. Let C be a category. Objects x and y of C are connected, if there exist integers n < m
and a functor W, = C with y(n) = z and y(m) = y.

Definition 14. Two functors F' : A — B and G : A — B, where A and B are small categories
are called homotopic, if they are connected in the functor category Fun(A, B). The related functor
H : Wy — Fun(A, B) with H(n) = F and H(m) = G is called a homotopy from F' to G and we
write H : F' = G.

Remark 15. Equivalently, a homotopy between functors is a finite zig-zag of natural transforma-
tions between them. Some justification for this notion of homotopy between functors seems to be
appropriate. Recall that simplicial sets were devised as combinatorial models for homotopy types.
More formally, the category of simplicial sets has a model category structure, called the standard
model category of simplicial sets (see [9]). If f,g: X — Y are simplicial maps between simplicial
sets X and Y, then a left homotopy from f to g is a simplicial map 6 : X x Al — Y such that
Oxxq0y = f and O|x {1y = g. This is in analogy with the definition of homotopy X x [0,1] — Y
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between continuous maps X — Y of topological spaces. Note that indeed the two definitions differ
mainly in replacing the interval [0, 1] with the 1-simplex A!. Each natural transformation

n: X x[1] =Y,
where X and Y are small categories, induces a homotopy
N(n): N(X x [1]) 2 N(X) x Al = N(Y)

via the nerve functor.> Any two homotopic functors in our sense determine homotopic maps of
simplicial sets.

Definition 16. Let C be a category. A congruence on C is a specification of an equivalence relation
~ on each hom set, such that for any f,¢g € C(X,Y) and any h,p € C(Y, Z), if f ~ g and h ~ p,
then pf ~ hg. Arrows f ~ g are called congruent.

Lemma 17, below, asserts that any congruence in a category gives rise to another category, where
congruent arrows are identified.

Lemma 17. If C is a category with a congruence ~, we can construct a new category which we denote
C/N. Objects of C/N are objects of C, Ob(C/N) = 0b(C), hom sets of C/N are quotient sets of hom
sets of C determined by the equivalence relation given by ~,

VX,Y € Ob(C) = Ob(C,.): C/n(X,Y) = C(X,Y)).

and composition in C,. descends from composition in C, in the sense that for arbitrary objects
X,Y,Z € C/. we have a commutative square

C(X,Y)xC(Y,Z) — C(X, Z)

| !

C/N(X,Y) X C/N()/, Z) e C/N(X, Z),

where the vertical arrows are the canonical maps f ~ [f]. There is a functor P : C — C,, sending

X=X, (X ERN Y) = [f], where [f] is the equivalence class of f in C(X,Y),..
For any functor F' : C — D with the property that f ~ ¢ implies F/(f) = F(g), there exists a
unique functor F : C/N — D with FoP =F.

Proof. We define C,., as the category with the following description. The set of objects of C,., is
equal to the set of objects of C. For each pair of objects X and Y in C,. (or, equivalently, in
C), we define home, (X,Y) to be the set of equivalence classes of the equivalence relation ~ on
home(X,Y). For each morphism f : X — Y in C, let us denote its equivalence class by [f]. Because
~ is a congruence, we have that we can define composition in C,. by letting [g][f] = [gf] for each
pair of equivalence classes of morphisms [g] : Y — Z and [f] : X — Y. One can check that C,., is
a category. Furthermore, we can define a functor P : C — C,. with the following description. For
each object X in C, we have P(X) = X. For each morphism f: X — Y in C, we have P(f) = [f].

To check the universal property of P, we first note that f ~ g implies P(f) = P(g) by con-
struction. Suppose F': C — D is a functor such that f ~ g implies F'(f) = F(g). We wish to show
there exists a unique functor F : C /~ — D such that FP = F. For uniqueness, suppose we have
two functors, 4, B : C/. — D such that AP = BP = F. Then for each object X in C,. we have

3The nerve functor N is a right adjoint, and thus commutes with products. Also, there is an equality N ([1]) = A®
of simplicial sets (not just an isomorphism).
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A(X) = AP(X) = BP(X) = B(X). This means A and B have equal values on objects. Also, for
each morphism [f] : X — Y in C,. we have A([f]) = AP(f) = BP(f) = B([f]). This means A
and B have equal values on morphisms. Therefore, A and B are equal. To show existence, define
a functor F : C/~ — D as follows. For each object X in C,., we let F(X) = F(X). For each
morphism [f] : X — Y, we let F([f]) = F(f). We assumed f ~ g implies F(f) = F(g), so F is
well defined on morphisms. One can check that F is a functor, and the equality FP = F holds by
construction. ]

Lemma 18. Homotopy = is a congruence in the category of small categories Cat, and therefore gives
rise to another category Cat,.. = hCat.

Proof. In this paragraph we show that for any two small categories A and B, homotopy = is an
equivalence relation on the set of functors Cat(A, B).

1. Reflexivity. If F': A — B is a functor, then W, (for any integer n) is the category with
one object and only the identity morphism. A functor W,,, — Fun(A, B) is equivalent to a
choice of object of Fun(A, B), i.e. a functor A — B. Choosing F' : A — B gives a functor
Whn — Fun(A, B) which is a homotopy F' = F.

2. Symmetry. Let 6 : W,,,, — Fun(A, B) be a homotopy 0 : F' = G. Precomposing 6 with a
functor W_,, _p, = Wy, j — —J gives a functor 6~ : W_,,, _,, — Fun(A, B) with 67 (—m) =
G and 0~ (—n) = F.

3. Transitivity. Let 6 : Wy, — Fun(A,B), 0 : F = G and v : W, — Fun(A,B), v : G = K. If
(=1)™ = (=1)!, then define W, ;41 — Fun(A, B) by concatenating 6 and ~ and this is a
homotopy F = K. If (—=1)™ = —(—1), then define War+m—i—1 — Fun(A, B) by joining the
zig-zags of natural transformations and composing the natural transformations to and from

G.

So we have proven that = is an equivalence relation on hom sets of Cat.

Suppose 0 : f = g are homotopic functors between small categories X — Y, (0 : Wy, —
Fun(X,Y)) and 7 : h = p are homotopic functors between small categories Y — Z, (v : W, —
Fun(Y, Z)). Then define W,,,,, — Fun(X, Z), j — h6(j) and this is a homotopy hf = hg. Then define
Wy, — Fun(X, Z), j — 7v(j)g and this is a homotopy hg = pg. Transitivity implies hf = pg. "

Let us review why H*(e, A) is cofunctorial. If X Iy ¥ is a functor between small categories,
then there are natural maps (group homomorphisms) C"(f, A) : C"(Y, A) — C™(X, A) acting as a
pullback along the natural map ZN(f), : ZN(X), — ZN(Y), (also group homomorphisms), for
any integer n > 0. This collection of maps is a morphism of cochain complexes of abelian groups
and therefore descends onto homomorphisms of cohomology groups; we get a collection of maps
H"(f,A): H(Y,A) — H"(X,A) for n > 0. Forming a direct sum of these gives what we denote
ff=H*(f,A): H*(Y,A) —» H*(X, A).

Lemma 19. If X i> Y is a functor between small categories, then for any integer n > 0:
1. H*(f,A): H"(Y,A) — H"(X, A) is additive,

2. if0<j<n, w € H(Y,A) and ¢,_; € H" (Y, A), then
H"(f, A)(wj —=jn—j on—j) = H (f, A)(w;) —jm—s H" 7 (f, A)(pn—j)-
Proof. Let n > 0 be any nonnegative integer.

Matrika 13 (2026) 2 9



Dominik Ogrin

1. Let o, 8 € H"(Y, A), then
H"(f, A)(a+ B) = H"(f, A)([a]

= H"(f,4)([a
— |(@+B) o ZN(f)n]
= [a0ZN(f)n+ 5o zN (1))
= (&0 ZN(f)a] + |BoZN(f)]
= H"(f, A)(a) + H"(f, A)(B)-

2. Let w; and ¢,,_; be as in the lemma. Then

H"(f, A)(Wj ~jn—j on—j) = H"(f, A)([&] ~jn—j [2])
= H"(f, A)([©%jn—j ¢1)
= [(@xjn—j #) © ZN(f)n]
= [(Wo ZN(f);) *jn—j (P 0 ZN(f)n—;)]

= HI(f, A)(w)) —jn—j H" 7 (f, A)(n—)-

Lemma 20. If X %5 Y is a functor between small categories, then f*: H*(Y,A) —» H*(X,A) is a
ring homomorphism.

Proof. We have to prove that f* is additive, multiplicative and preserves unit.

1. Additivity. Let w,p € H*(Y, A). Then
Fw+¢) = F (P wn+en)

n>0
=B HE"(f, A)(wn + on)
n>0
= B H(f, A)(wn) + H™(f, A)(¢n))
n>0
= (P H"(f,A + (@ H"(f,A
n>0 n>0

= H*(f, A)(w) + H*(f, A)(¢).
2. Multiplicativity. Let w, € H*(Y, A). Then

frw—) @Z% ~jn—j Pn—j)

n>0 7=0

:@ana Z ~jn—j Pn— J)

n>0 7=0

:@ZHn A ~jn—j Pn— ])

n>0 j=0

=D (A ) =jneg H'I(f, A)pn)

n>0 j=0

= H*(f, A)(w) — H*(f, A)(p).
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3. Similarly H*(f,A)(1) = 1. "

Theorem 21. The construction H*(e, A) is contravariantly functorial. In other words, we have a
cofunctor

H*(e, A) : Cat’® — Ring,
from the category of small categories to the category of rings.

Proof. If idx : X — X is the identity functor, we see that H*(idx, A) = idg«(x 4)-

XLy % Zisa composable pair of arrows, we want to show that the following diagram
with induced ring homomorphisms commutes:

H*(Z,A) —— H*(Y, A)

~ |

H*(X,A).
It is easy to see that the following two diagrams with the obvious maps commute for all integers
n > 0:
ZN(X), —— ZN(Y), C"(Z,A) —— C"™(Y,A)
ZN(Z)p,

In fact, the right-hand-side triangle above results from the application of hompay, (e, A) to the left-
hand-side triangle above. So for all integers n > 0 we have

H™Z,A) —— H™(Y, A)
H™"(X,A).
Forming a direct sum implies (gf)* = f*g*. "

We now come closer to homotopy invariance of H*(e, A).

Lemma 22. Let 1 : f — g be a natural transformation between functors f, g : X — Y. Then
H*(f, A) = H*(g, A).

Proof. H*(f,A) = H*(g,A) if and only if Yn > 0 H"(f, A) = H"(g, A), so this second property is
what we aim to prove for all integers n > 0. We prove it in steps:

1. natural transformation f LN g leads to a canonical construction of a homotopy between mor-
phisms of chain complexes {ZN(f), : ZN(X)n, = ZN(Y)p,n > 0} and {ZN(g),, : ZN(X),, —
ZN (Y )p,n > 0}.

2. Recall that if F' : Ab°® — Ab is an additive cofunctor from the category of abelian groups
to itself, and L and E are chain complexes in the category of abelian groups, u,v : L — E
morphisms of chain complexes, and 0 : u ~ v a chain homotopy, then F' induces a homotopy
F(9) : F(u) ~ F(v), where F(u) : F(L) — F(E) and F(v) : F(L) — F(F) are the induced
maps of chain complexes. In particular, when we take F' = homap(e, A), we get a chain
homotopy between maps of cochain complexes

(C™(f, A) : C"(Y, A) — C™(X, A),n > 0}
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and
{C"(g,A): C"(Y,A) - C"(X,A),n > 0}.

3. Recall that if u ~ v : L — E are homotopic morphisms of cochain complexes, then H"(u) =
H™(v) for all n > 0. In particular, by the previous point H"(f, A) = H"(g, A) for all n > 0.

To complete the proof, we thus only have to work out point 1 from this list.

We want to define a homotopy s from {ZN(f), : ZN(X)n, — ZN(Y )n,n > 0} to {ZN(g)n
ZN(X)p = ZN(Y )n,n > 0}, i.e. a set of group homomorphisms sy, : ZN(X ), = ZN(Y )py1,n >0
such that for n > 1, 0¥, s, + $,-10; = ZN(g)n — ZN(f)n and 0} so = ZN(g)o — ZN(f)o. It is
enough to define s, on generators ([n] = X) € N(X), C ZN(X), and extend s, by additivity.
Let’s set about defining what s, (o) should be.

A natural transformation p : f — g is equivalently a functor (which we will denote by the same
letter) p: X x [1] = Y with the following diagram commuting:

X%Xx *>X>< %Xx :X

Denote ¥, : [n] x [1] = Y, Y5 = po (o x idm). Denote fj, : [n+ 1] — [n] x [1], 0 < j < n functors
with
. (i,0), if 0 < < j
fim(D) =19 . e )
t—11),ifj+1<i<n+1.

Define s, (o) = Z?ZO(—I)JVL?J o fjn. Seeing that (s,;n > 0) defines a homotopy is done through
direct calculation, which we leave as an exercise. m

Theorem 23. If X i) Y, X 2 Y are homotopic functors between small categories, f < ¢, then
H*(f,A) = H*(g, A).

Proof. By assumption there exists a homotopy 6 : Wy, — Fun(X,Y), 6 : f = g. Then H*(f, A) =
H*O(n+1),A)=---=H*(@(m—1),A) = H*(g, A), where we use Lemma 22 in each equality. m

5. Cup length and Lusternik—Schnirelmann category

The Lusternik—Schnirelmann category is a nonnegative integer, traditionally associated to a topo-
logical space. In the last couple of years, the Lusternik—Schnirelmann category has been generalized
to categories by K. Tanaka. A classical theorem says that the cup-length of a topological space
is a lower bound on the Lusternik—Schnirelmann category of that space. In this section we prove
an analogous result for small categories, with the appropriately modified notions of cup-length and
Lusternik—Schnirelmann category, so that they apply to small categories.

From here on, a category is assumed to be connected, meaning that any two objects are con-
nected. If X is a (connected) category, then any two functors a,b : [0] — X are homotopic. By
Theorem 23, they give the same ring homomorphism H*(X, A) — H*([0], A). The kernel of this
ring homomorphism is an ideal and is called the reduced cohomology of X, denoted H (X, A).

Definition 24. Let X be a small category. Then the cup length of X is
c(X) =max{n >0 3wy,...,w, € H* (X, A) with wy — --- — w, # 0}.

In words, the cup-length of X is the greatest nonnegative integer n for which there exist elements
Wi, ..., wy € H*(X, A) with nonzero product; wy — -+ — w, # 0.
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The next few definitions serve the purpose of defining the Lusternik—Schnirelmann category
(LS-category) of a small category.

Definition 25. A subcategory U of X is contractible in X, if the inclusion functor U — X is
homotopic to some constant functor.

If U is a subcategory of X, contractible in X, then the inclusion functor ¢ : U < X, homotopic
to a constant functor ¢: U — X, gives H*(1, A) = H*(c,A) : H*(X,A) — H*(U, A).

Definition 26. A geometric cover of a category X is a set of subcategories {V},j € J} such that any
finite sequence of composable arrows f1,..., f, is in V; for some j € J.

Definition 27. The LS-category cat(X) is the smallest integer n > 1 such that there exists a finite
geometric cover {V]}?:1 with Vj contractible in X for all j = 1,...,n. If no such cover exists, we
put cat(X) = oo.

Let U = X be the inclusion functor of a subcategory inside a small category X. We can
naturally form a short exact sequence of chains,

0 —— Cp(U) —— Cp(X) —— Cr(X)/Cr(U) —— 0

for every nonnegative integer n > 0. Instead of viewing the above short exact sequence in each
degree, we can view it as a short exact sequence of chain complexes:

0 —— Co(U) —— Co(X) —— Co(X)/Ce(U) —— 0.

When applying the hom cofunctor homay (e, A), the arrows reverse direction and it is part of

our next task to show that the resulting short sequence is again exact. We denote C*(X,U, A) =

HomAb(%,A).

Lemma 28. The sequence
0 C*(X,U,A) s oo x, 4) Y oo, 4) 0
is a short exact sequence.

Proof. The sequence is exact if and only if for all n > 0

0 — C(X,U, A) 25 cn(x, A) <Y on, 4) - 0

is a short exact sequence. Proving this is a list of verifications:

1. The map C™(X,U, A) LN C"(X, A) is injective. Let a € C™(X,U, A) be nonzero, meaning
. Ca(X) .
there exists an element x € Cn((U)) with a(x) # 0. Then p;(a)|p;1(x) = (apn)‘p#(x) # 0. So
ker(p}) is trivial.

2. We have inclusion im(p},) C ker(C™(¢)). The composition C"(¢)p}, = (pnCn(t))* is the dual of
a zero homomorphism and is zero, so im(p}) C ker(C"™(¢)).

3. We have inclusion ker(C"(:)) C im(p};). Kernel ker(C"(¢)) consists of group homomorphisms
p € C™"(X,A) with C™(¢)(¢) = ¢Cp(t) = 0. By definition of cokernel of Cy,(¢), there exists a

4. C™(1) is epi, because any group homomorphism C,,(U) — A can be extended with zero to
Cn(X) = A. n
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After obtaining the cochain complex C*(X, U, A), we can take its cohomology groups, which we
denote by H™(X,U, A). This is a version of relative cohomology, known from algebraic topology, in
the context of small categories.

Lemma 29. Let U = X be the inclusion of a subcategory inside X € Cat. For n > 0,

(")

H(X,U, A) 0, g x4y ) gy, gy

is exact; in other words, im(H"(p},)) = ker(H™(C™(1))).

Proof. For a short exact sequence of chain complexes 0 — F — E’ — E” — 0, there is a standard
construction of a long exact sequence. We apply this construction to

0 (X, U, A) 2 oo x, 4) Y o0, 4) > 0.

We recognise certain terms in the resulting long exact sequence:

H™(C™(v))

(X, U, A) 2P g x ) H"(U, A).

Lemma 30. Let U = X be the inclusion of a subcategory. Let m > 0 be an integer and w €
ker(H"™(t, A)). There exists a representative € of w with € € ker(C™(¢)). In particular, if X is
connected and U is contractible in X, then H™(X, A) C ker(H" (1, A)). Therefore, for w € H™(X, A)
there exists € € ker(C™(v)).

Proof. We chase around the following diagram

ker(bf/U) —— ker(bX) —— ker(bY)

| | |

H"(X,U,A) —— H"(X,A) —— H™(U, A)
where the vertical arrows are projections. m

It is standard that the hom cofunctor homay (e, A) takes direct sums into products; in particular
we have an isomorphism of abelian groups

[] ¢"(X. A) = homa, (EP Cn(X), A).

n>0 n>0

There is an injective map

x4 = [J X, A).

n>0 n>0

Putting this together, we have an injective map

& C"(x, A) = homp (D Cn(X), A).

n>0 n>0

We use this to identify elements of the left hand side (source) with certain group homomorphisms;
in other words, to each element w € @,,~, C"(X, A) there is a corresponding group homomorphism
w:P,>0Cn(X) = A, which we will also denote by w.

Sup})ose now that U is a subcategory of X. Recall that C,,(X) by definition is the free abelian
group on the set of functors of [n] into X. Similarly, define C,,(U) to be the free abelian group on
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the set of functors of [n] into U. Since U is a subcategory of X, we may view each functor o of
[n] into U as a functor of [n] into X. In this way, we identify the set of functors of [n] into U with
functors of [n] into X. We view the set of functors of [n] into U as a subset of the set of functors
of [n] into X. Furthermore, we view C,(U) as a subgroup of C,(X). Finally, we may view the
direct sum €,,~, Crn(U) as a subgroup of €,,~, Crn(X) (which it is, depending on the set theoretic
construction we use to construct our direct su;ns).

Therefore it makes sense for w € €,,50C"(X, A) to write w| Do Cn(0) = 0, when U is a
subcategory of X. @, ~,C"(X,A) can be made into a graded ring with the product x. In fact,
D, ker(by,) is a subring of D,~0C"(X,A) and H*(X) is obtained as quotient of @, ker(by,)
by a homogeneous ideal @, < im(by,_1). -

Lemma 31. Let {U;|1 < j < m} be a finite set of subcategories of X and let {z;|1 < j < m} C
D,.>0 C"(X, A), with the additional assumption that L@, o Cu;) = 0 for each 1 < j < m. Then

(xl ..... I‘m)‘ Z;n:1 @nzo Cn(Ug) = 0

Proof. (x1 - -+ - :L"m)|z;7n:1€9n>0 c.(u;) = 0 is true if and only if for any integer n > 0, for any
1 < j < m and for any [n] = Uj, we have (z1--- - Zm)(0) = 0. This is evident, after we write out
T1...Tm. ]

Lemma 32. Suppose {U;|1 < j < m} is a finite geometric cover of X € Cat and {z;|1 < j < m} C

@nzo C"(X) with the property that T @, o CulU;) = 0,1<j<m. Thenzy----- Tm = 0.
Proof. By Lemma 31, (1 ----- Tin)| S @so Ca(U;) = 0 and we claim that

> DUy =P,

j=1n>0 n20

This is true, provided that for any n > 0 and any o : [n] = X, 0 € 370, €P,,5 Cn(U;). This is
guaranteed by the fact that {U;}7", is a geometric cover. "

We now prove our main result.
Theorem 33. Let X € Cat be connected. If there exists a finite geometric cover of X with subcate-

gories, contractible in X, then cl(X) is finite and cl(X) < cat(X).

Proof. We go by following these steps:

1. Suppose {U;|1 < j < m} is a finite geometric cover of X with U; contractible inside X. We
have to show that all products of m factors in H*(X, A) vanish.

2. H*(X,A) is a homogeneous ideal in H*(X, A) so products of m elements of H*(X, A) van-
ish if and only if all products of m homogeneous elements of H*(X, A) vanish. So now let
Wi, .. wm € H(X, A) be homogeneous elements.

3. By Lemma 30, for any n > 0, any homogeneous element w € H "(X,A) and for any j €
{1,...,m}, there exists a representative ¢ € ker(b,) with €)@, Cr(U; 0. In particular,

there exist €; representatives for w; with €1 oo C(U) = 0 forall 1 <j<m.

4. Then wy - -+ - wm = [e1] -+ - [em] = [€1...€n]. By Lemma 31 and Lemma 32, we have
€1 ...€n = 0, which implies wy - - - - - wm = 0. L]
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In Theorem 33, above, we showed that for any connected small category X, we have that the
cup-length, defined through the cohomology of X, is a lower bound on its Lusternik—Schnirelmann
category. It is worthwhile to note that all our arguments work only with the simplicial set N(X),
the nerve of the (small) category X in question. In future work, we suspect that results of this
type may admit a unified view through the use of co-categories and the formulation of cohomology
theories in that language.

REFERENCES

[1] O. Cornea, G. Lupton, J. Oprea and D. Tanré, Lusternik—Schnirelmann Category, AMS Monographs 103 (2003).

[2] K. Tanaka, Lusternik—Schnirelmann category for categories and classifying spaces, Topology and its Applications
239 (2018), Pages 65-80.

[3] I. Carcacfa-Campos, E. Macias-Virgés and D. Mosquera-Lois, Baues- Wirsching Cohomology and Svarc Genus in
Small Categories, Filomat Vol. 40, No. 8 (2026), Pages 3113-3132.

[4] I. Carcacfa-Campos, E. Macfas-Virgés and D. Mosquera-Lois, Homotopy invariants in small categories, 2022,
https://doi.org/10.48550/arXiv.2206.00651.

[5] E. Macfas-Virgds and D. Mosquera-Lois, Homotopy distance between functors, 2019, https://doi.org/10.48550/
arXiv.1902.06322.

] P. G. Goerss and J. F. Jardine, Simplicial Homotopy Theory, Birkhduser Verlag, 1999.

] D.-C. Cisinski, Higher categories and homotopical algebra, Cambridge University Press, 2019.
] E. Riehl and D. Verity, Elements of co-Category Theory, Cambridge University Press, 2022.
| M. Hovey, Model categories, Mathematical Surveys and Monographs 63, AMS, 1999.

16 Matrika 13 (2026) 2


https://doi.org/10.48550/arXiv.2206.00651
https://doi.org/10.48550/arXiv.1902.06322
https://doi.org/10.48550/arXiv.1902.06322

	Introduction
	Simplicial sets and cohomology of small categories
	Simplicial sets
	The classical (singular) cohomology of homotopy types presented as simplicial sets
	Cohomology of a small category

	Cohomology ring
	Functoriality and homotopy invariance
	Cup length and Lusternik–Schnirelmann category

