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2D KVAZIKRISTALI V MEHKI SNOVI
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Kvazikristali so urejene samo-sebi podobne strukture brez translacijske simetrije. Poleg kovinskih zlitin so jih v
zadnjih letih našli tudi v mehki snovi, in sicer med tekočimi kristali, nanodelci in koloidi. Pri obravnavi si pomagamo
z analogijo z dvodimenzionalnimi tlakovanji. Lastnosti kvazikristalov se razlikujejo od običajnih kristalnih struktur in
odpirajo široko področje novih raziskav. Intenzivno se raziskuje njihova praktična uporaba, predvsem v kompleksni
optiki in fotoniki.

2D QUASICRYSTALS IN SOFT MATTER

Quasicrystals are ordered self-similar structures without translation symmetry. Beside metal alloys they were also
found in soft matter in the last few years, mainly among liquid crystals, nano-particles and colloids. The analogy
with two dimensional tilings can help describing them. Properties of quasicrystals differ from ordinary crystalline
structures and are opening broad area of new research. Their practical value is being intensively researched, mainly
in complex optics and photonics.

1. Uvod

Dolgo časa je veljalo prepričanje, da je opis kristalnih struktur zaključen z običajnimi kristali, ki so

translacijsko in rotacijsko simetrični. Odkritje prepovedane rotacijske simetrije v 80. letih preǰsnjega

stoletja je odprlo novo področje kvazikristalov [1]. Za razliko od pravih kristalov nimajo translacijske

simetrije, vendar je njihova struktura še vedno urejena. Kvazikristal je struktura, ki sama po sebi

ni periodična, vendar slika sipanja rentgenskih žarkov kaže rotacijsko os, ki za kristale ni dovoljena.

Sprva so kvazikristale opazili v kovinskih zlitinah kot so Al63Cu25Fe12, Al70Pd20Mn10 in Cd85Yb15.

Čeprav so sestavljene iz običajnih kovin, kot sta aluminij in železo, se njihove fizikalne lastnosti

močno razlikujejo, saj so slabi električni prevodniki, toplotni izolatorji in imajo tudi drugačne ma-

gnetne lastnosti od običajnih kristalov [2]. To omogoča tudi njihovo rabo v industriji kot toplotne

izolatorje, prevleke proti obrabi z nizkim koeficientom trenja, poceni infrardeče absorberje za ogre-

vanje, ...

V zadnjih letih je vse več odkritij tudi kvazikristalov v mehki snovi. Znani so primeri med

tekočimi kristali, koloidi, polimeri in drugimi snovmi. Področje je v hitrem razvoju in pomembno

razširja koncept kvazikristalov, saj so bile odkrite doslej še ne opažene rotacijske simetrije. Njihova

praktična uporaba se med drugim kaže v optiki fotonskih kvazikristalov, ki v določenem frekvenčnem

območju ne dovolijo širjenja elektromagnetnega valovanja.

V članku bom najprej predstavil osnovne pojme v kristalografiji, simetrijske operacije v kristalih

in njihovo povezavo s kvazikristali. Nato bom opisal uporabo tlakovanja in prekrivanja ravnine pri

njihovem opisu na primeru Penroseovega tlakovanja. Za konec pa bom navedel nekaj primerov

dvodimenzionalnih kvazikristalov v mehki snovi in njihove pričakovane značilnosti.

2. Simetrijske operacije

2.1 Bravaisova mreža

Osnoven princip opisa kristala je Bravaisova mreža [3]. Predstavlja periodično ponavljajoče gradnike

in njihovo razporeditev v prostoru. Vsak vektor Bravaisove mreže R lahko opǐsemo kot linearno

kombinacijo linearno neodvisnih primitivnih vektorjev ai s celoštevilskimi koeficienti ni.

R = n1a1 + n2a2 + n3a3 (1)
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Ob tem definirajmo še recipročno mrežo, ki predstavlja valovne vektorje ravnih valov, ki imajo

enako periodičnost kot sama Bravaisova mreža. Če je r poljuben vektor, mora veljati

eiK·(r+R) = eiK·r,

kar lepše zapǐsemo kot

eiK·R = 1. (2)

K je tukaj vektor recipročne mreže, ki je linearna kombinacija drugih primitivnih vektorjev bi.

Zanje velja bi · aj = 2πδij .

Za kvazikristal je značilno, da nima običajne Bravaisove ali recipročne mreže, saj zanj ne velja

translacijska simetrija. Obstaja pa možnost, da recipročno mrežo razǐsirimo na hiperprostor [2].

Primitivni vektorji tako niso več trije za 3D sistem, ampak jih je toliko, da lahko z njimi opǐsemo

celoten recipročni prostor.

Bravaisovo mrežo lahko opǐsemo s togimi operacijami, ki preslikajo mrežo samo vase. Med

njih spadajo translacije, rotacije, zrcaljenja in inverzije, kar poimenujemo simetrijska ali prostorska

grupa Bravaisove mreže. Vsako simetrijsko operacijo lahko sestavimo s translacijo TR po vektorju

mreže R in s togo operacijo, ki vsaj eno točko mreže ohrani fiksno. Pogosto obravnavamo prav te

operacije, ki sestavljajo točkovne grupe Bravaisove mreže. Izkaže se, da je takšnih grup le 7.

2.2 Razširitev na splošen kristal

V splošnem je kristal lahko sestavljen iz Bravaisove mreže z bazo. Simetrija take strukture ni več

nujno preprosta, tako da se število prostorskih grup močno poveča iz 14 na 230.

Kristalografskih točkovnih grup je 32. V njih so poleg zrcaljenj in inverzije še rotacije za celo-

številske večkratnike kota 2π/n okoli določene osi. Taki osi pravimo n-̌stevna rotacijska os. Včasih

sama rotacija še ne ohranja simetrije, zato jo dopolnimo z zrcaljenjem čez ravnino, pravokotno osi,

ali pa z inverzijo čez točko na tej osi.

Simetrijske operacije, sestavljene iz translacije po Bravaisovi mreži in točkovne operacije spadajo

v 73 simorfnih grup. Večina prostorskih grup pa je nesimorfnih in vsebuje še dva dodatna tipa

operacij. Struktura z vijačno osjo se vase preslika s translacijo po vektorju, ki ne pripada Bravaisovi

mreži, in rotacijo okoli njega. Struktura z drsno ravnino pa se namesto rotacije preslika čez ravnino,

ki vsebuje ta vektor.

Vse operacije iz točkovne grupe še vedno spadajo v širšo, simetrijsko grupo, ki vsebuje tudi

translacije. Posledica tega je omejitveni teorem, ki določi obstoj le 2-, 3-, 4- in 6-̌stevnih osi.

(a) (b)

Slika 1. Izpeljava dovoljenih rotacijskih osi, da se ob rotaciji ustrezno ohrani tudi translacijska simetrija.
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Vzemimo premico v mreži, kjer so točke na razdalji translacijskega vektorja t. Okoli izbrane

točke zavrtimo za kot α = 2π/n v vsako smer, kar predstavlja n-̌stevno rotacijsko simetrijo (slika

1a). V primeru, da je rotacija za kot α simetrijska operacija, se morajo modre in rdeče točke ujemati

z Bravaisovo mrežo. Vsaka razdalja med njimi mora biti celoštevilski večkratnik dolžine vektorja t:

mt, m′t, ...

Zapǐsimo pogoj s pomočjo enega izmed dobljenih enakokrakih trikotnikov (slika 1b).

cosα =
1

2

mt

t
=
m

2
(3)

Zaradi lastnosti |cosϕ| ≤ 1 so možne vrednosti kota α le 0, π/3, π/2, 2π/3 in π ter pripadajoči redi

rotacijskih osi 2, 3, 4, 6 in 1, ki se ga pogosto ne omenja.

Tukaj pa so posebni kvazikristali. Ker zanje pogoj o ohranjanju translacijske simetrije pri rotaciji

ne velja, so zanje mogoče tudi na primer 5-, 8-, 10- in 12-̌stevne ter tudi vǐsje simetrijske osi. V

nadaljevanju se bomo omejili predvsem na opis dvodimenzionalnih kvazikristalov.

Ogledamo si lahko primer 5-̌stevne rotacijske simetrije, kjer translacija mreže same vase ni

mogoča. Na sliki 2 je shematsko prikazana kršitev translacijske simetrije za primer Penroseovega

tlakovanja.

2.3 Sipanje rentgenskih žarkov

Za ugotavljanje simetrije kristala ali kvazikristala si lahko pomagamo tudi s sipanjem rentgenskega

valovanja. W. L. Bragg je opisal odboj rentgenskih žarkov na kristalu iz vzporednih plasti ionov na

razdalji d. Pogoj za konstruktivno interferenco je

2d sin θ = nλ, (4)

kjer je θ odbojni kot, λ valovna dolžina vpadnega valovanja in n red ojačitve.

Ekvivalenten pogoj je postavil Max von Laue, ki pa je opisal sipanje na dveh točkah na razdalji

d. Shemo pogoja vidimo na sliki 3. Označimo vpadni valovni vektor k = 2πn̂/λ z valovno dolžino

λ v smeri n in sipani valovni vektor k′ = 2πn̂′/λ z enako valovno dolžino v smeri n′. Pogoj za n-ti

red ojačitve je

d cos θ + d cos θ′ = d · (n̂− n̂′) = nλ.

Ko pomnožimo na obeh straneh z 2π/λ in upoštevamo, da so posamezni gradniki kristala na razdalji

vektorja Bravaisove mreže, se pogoj poenostavi v

R · (k− k′) = 2πn. (5)

Slika 2. Shematski prikaz translacije odseka Penroseovega tlakovanja s 5-̌stevno rotacijsko osjo v smeri rdeče puščice.
Že na majhnem odseku se izrazito opazi kršitev translacijske simetrije. [4].
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Slika 3. Shema von Lauejega pogoja za konstruktivno interferenco [5].

Ojačanje dobimo, če je razlika vpadnega in sipanega valovnega vektorja K = k−k′ vektor recipročne

mreže.

V kvazikristalih pa Bravaisove in recipročne mreže nimamo, zato na samo interferenčno sliko ne

vpliva določena osnovna celica, ampak celoten kristal [6]. Označimo z R vektor do posamezne točke

v mreži ali verteksa. Gostota točk je tako

ρ(r) =
∑
R

δ(r−R), (6)

kjer vsota zajame vse točke v delu kvazikristala, ki ga obravnavamo. Definirajmo Fourierovo trans-

formacijo v recipročni prostor kot

F (K) =

∫
ρ(r)e−iK·r dr =

∑
R

e−iK·R. (7)

Intenziteta sipanega valovanja I(K) ∝
∣∣F (K)

∣∣2, je sorazmerna kvadratu absolutne vrednosti. Na

sliki 4 vidimo primer uklonske slike Penroseovega tlakovanja, ki potrjuje 10-̌stevno rotacijsko sime-

trijo takega kvazikristala.
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example, the set of “visible points”
(points with relatively prime coordi-
nates) in the plane, which has “holes”
of arbitrarily large radii, should not be
a crystal. But it is, and pure point no
less (note that Λ−Λ is the integer lat-
tice). On the other hand, some point
sets that “ought” to be crystals are
not. Consider the famous pinwheel
tiling ([1], [3]) with congruent right
triangles tiles. Like the Penrose tilings
and many other aperiodic tilings (see
the online “encyclopedia”, http://
saturn.math.uni-bielefeld.de),
the pinwheel tiling is a substitution
tiling, generated by a straightforward
two-step process, decomposition and
inflation. But, unlike tile edges in a
Penrose tiling, the triangles’ edges are
aligned in a countable infinity of directions, so Λ−Λ
is not discrete.

Some large classes of aperiodic crystals do conform
to our intuitive notions. Loosely speaking, point sets
derived from lattices inherit a crystalline structure in
modified form. If, like the set of visible points, Λ is
a subset of a lattice L, then so is Λ−Λ and γ̂Λ is a
weighted sum of deltas at points of L∗ . We can con-
struct a wide class of crystals Λ , the Penrose tiling ver-
tices among them, from higher-dimensional lattices
by the powerful and versatile cut-and-project method.
Every cut-and-project set Λ is discrete, relatively
dense, and a pure point crystal.

Cut-and-project sets are a special case of a large
and general family of point sets called Meyer sets,
which top a hierarchy of order types. Λ is a Delone
set if it is uniformly discrete and relatively dense in
Rn . A Delone set is of finite type if it has a finite num-
ber (finite atlas) of local patterns of every radius, up
to translation. (Equivalently, Λ is of finite type if the
difference set Λ−Λ of interpoint vectors is closed and
discrete.) A Meyer set Λ is a set of finite type where
Λ−Λ is Delone. Meyer sets are always crystals,
though not necessarily pure point. They can be char-
acterized in many ways; here is another: Meyer sets
are almost-lattices. That is, Λ is a Meyer set if
and only if, for every ϵ > 0 , its ϵ -dual
Λϵ := {y ∈ Rn, | exp 2π iyx− 1| < ϵ, ∀x ∈ L} is
relatively dense.

But shouldn’t repetitivity (“quasiperiodicity”) be
the local criterion we are looking for? I expect, when
all is said and done, it will be, but its role is not yet
clear. A Delone set Λ of finite type is repetitive if, for
every T > 0, all local patterns of radius T are relatively
dense [2]. The rate of growth, with increasing T, of the
size of Λ ’s atlas of local patterns is a useful measure
of its complexity. For example, if the growth function
is bounded, then Λ is a lattice. One expects the dif-
fraction condition to be characterized by some big-O
condition on T. However, repetitivity lies somewhat
outside the hierarchy sketched above: all repetitive De-
lone sets are of finite type, but not all repetitive sets
are Meyer, and not all Meyer sets are repetitive. If a

repetitive set is Meyer, then it’s a crystal since all
Meyer sets are. But if it’s a crystal, is it Meyer?

Meanwhile the burgeoning mathematical field of
long-range aperiodic order and the experimental study
of real aperiodic crystals are symbiotic and mutually
stimulating. Their cross-fertilization has been more
metaphorical than practical, but no less valuable for
that. Penrose tilings, the Drosophila of aperiodic order,
don’t tell us what the structures of real aperiodic
crystals are, but they do tell us what aperiodic order
can look like. (Still, we are missing something. For 
suitable choices of lattice, dimension, and other pa-
rameters, we get cut-and-project sets with (diffraction)
rotational symmetry of any finite order. Yet the sym-
metries of real aperiodic crystals found so far are
only pentagonal, decagonal, dodecagonal, and icosa-
hedral. Evidently, the real crystallographic restriction
is yet to be discovered.)

Reciprocally, structure studies of real crystals sug-
gest that coverings by clusters may be more useful
models than packings and tilings. The Penrose tilings’
nonlocal growth (despite local matching rules) raises—
but does not answer—questions about how crystals
really grow. And recent experiments suggest that real
crystal growth may be partly nonlocal too [4].

Stay tuned.
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Figure 1. (a). A patch of a Penrose tiling. (b). The diffraction diagram of the
vertex set V of (a) is essentially discrete; thus F is an aperiodic crystal,
according to the new definition.

Slika 4. Primer Penroseovega tlakovanja in pripadajoča uklonska slika [7].
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3. Tlakovanje

Dvodimenzionalni kvazikristali so največkrat opisani s pomočjo analogije s tlakovanji (tilings). Tla-

kovanje predstavlja števno družino ploščic (tiles), kjer z njimi lahko celotno ravnino tlakujemo brez

prekrivanj med njimi. Vse ploščice so skladne s končno skupino proto-ploščic (prototiles). Tla-

kujemo lahko na dva načina, ali ploščice zlagamo glede na njihovo obliko, kar imenujemo princip

sestavljanke, ali pa z upoštevanjem oznak na robovih in oglǐsčih t. i. pravil ujemanja (matching

rules).

V kristalografiji gradnike kristala ali kvazikristala, ki so razporejeni v oglǐsčih proto-ploščice,

imenujemo gruča (cluster). V splošnem ti gradniki niso nujno atomi, v mehki snovi so to lahko tudi

nanodelci ali molekule. Za opis neperiodičnega tlakovanja, ki ustreza kvazikristalu, potrebujemo

vsaj dve gruči, ne glede na izbiro načina tlakovanja. Izkazalo se je, da se tak opis običajno ne ujema

popolnoma s pravimi gručami atomov [8].

3.1 Tlakovanje kvazikristalov in kvazi-osnovna celica

Preboj v obravnavi kvazikristalov je predstavljala vpeljava kvazi-osnovne celice, ki je poenostavila

opis njihove strukture in nastajanja ter predstavlja analogijo osnovni celici periodičnih kristalov.

Opǐse jih kot eno samo, ponavljajočo gručo. Za razliko od običajnega tlakovanja tukaj ne upošte-

vamo pravil ujemanja na robovih in oglǐsčih, ampak se gruče prekrivajo. Tako pri tej interpretaciji

pogosteje govorimo o prekrivanju (covering), kot pa o tlakovanju [9].

Atomi v prekrivajočem območju so deljeni med obema gručama, torej se ne podvajajo ali gostijo.

Samo prekrivanje tudi določa zgradbo kvazi-osnovne celice, saj si morata gruči atome deliti brez

vpliva na njihovo razporeditev.

Zgradbo kvazikristala lahko s pomočjo te interpretacije opǐsemo na dva načina. Kvazi-osnovne

celice lahko polagamo z upoštevanjem prekrivalnih pravil (overlap rules), ki popolnoma določajo

obliko tlakovanja. Pri fizikalni obravnavi tlakovanja lahko ta način vodi do kompleksnih energij,

zato se včasih poskušamo prekrivalnim pravilom izogniti. Izkazalo se je, da popoln kvazikristal

lahko dobimo tudi preprosto z maksimizacijo gostote izbrane gruče. Energija je takrat sorazmerna

z gostoto oz. številom gruč, prekrivanja pa lahko prispevajo še dodatno vezavno energijo.

3.2 Penroseovo tlakovanje

Oglejmo si prekrivanje na primeru Penroseovega tlakovanja. Vodilno število pri njem je zlati rez τ .

τ =
1 +
√

5

2
≈ 1,618 (8)

Iracionalna števila se pogosto pojavljajo v kvazikristalih. Ne moremo jih zapisati kot ulomek in

tako zagotavljajo neperiodičnost strukture.

Obstaja več variacij tega tlakovanja, a vse lahko sestavimo iz štirih tipov Penroseovih ali Robin-

sonovih trikotnikov. To so enakokraki trikotniki, s stranicami dolžin 1, τ ali njihovih razmerij. Lep

primer vidimo na sliki 5a. Koti tako konstruiranih trikotnikov so večkratniki α = π/5. Iz njih lahko

potem sestavimo tri različne skupine proto-ploščic, na primer debel in suh romb, ki sta prikazana

na sliki 5b. To še vedno predstavlja običajno tlakovanje, kjer ploščice zlagamo kot sestavljanko.

Aperiodičnost takih vzorcev je določeno s t. i. samopodobnostjo (self-similarity), ki temelji na

kompoziciji. Tlakovanje T1 je kompozicija tlakovanja T0, če je vsaka ploščica iz T1 unija končno

mnogih ploščic iz T0. T0 je samo sebi podobno, če vsebuje neskončno družino kompozicij samega

sebe {Ti}, i ∈ N, tako da so proto-ploščice iz Ti raširjene kopije proto-ploščic iz Ti−1. Če je postopek

kompozicije unikaten, T0 ni periodična in nima translacijske simetrije.
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(a) (b)

Slika 5. (a) Primer tlakovanja petkotnika z Robinsonovimi trikotniki, kjer je τ zlati rez. (b) Ena izmed osnovnih
skupin proto-ploščic Penroseovega tlakovanja iz suhega (levo) in debelega romba (desno) [10].

Podobno strukturo lahko dobimo tudi s prekrivanjem ploščic. Slika 6a predstavlja desetko-

tno proto-ploščico, s polaganjem katere lahko prekrijemo celotno ravnino tako, da je to še vedno

Penroseovo tlakovanje. Osenčeni deli podobni raketi in zvezdi predstavljajo dovoljena območja pre-

krivanja, da se še ohrani osnovno tlakovanje. To določuje 9 različnih prekrivalnih pravil tipov A

in B, kjer prvi predstavlja manǰse, drugi pa večje območje prekrivanja, kar je označeno na sliki 6b.

Ekvivalentnost s tlakovanjem lahko preverimo tako, da v vsak desetkotnik vrǐsemo debeli romb in

ravnino prekrijemo po zgornjih pravilih. Nastali vzorec bo predstavljal Penroseovo tlakovanje, kar

prikazujeta sliki 6c in 6d.

Prekrivanje s tako kvazi-osnovno celico ima enake simetrijske lastnosti kot Penroseovo tlakovanje,

vendar nam taka desetkotna gruča omogoča več možnosti kot pa preprosto Penroseovo tlakovanje.

Simetrijske lastnosti kvazikristalov so lažje opazne in nam ni treba iti v recipročni prostor, njihov

opis pa je bolj podoben običajnim kristalom.

Slika 6. Primer kvaziperiodičnega tlakovanja s prekrivanjem desetkotnih ploščic in prikaz ekvivalentnosti z Penrose-
ovim tlakovanjem [9].

4. Dvodimenzionalni kvazikristali v mehki snovi

Raziskovanje kvazikristalov v mehki snovi je zelo aktivno, tako na področju simulacij, kot pri de-

janskih eksperimentih z njimi. Pri slednjih so pogoste raziskave različnih urejenih faz snovi, kar na

primer dosežejo s spreminjanjem temperature ali pa koncentracije snovi.

Za simulacije nastanka kvazikristalov lahko uberemo dva načina:
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1. Prva možnost je simuliranje velikega števila gradnikov na podlagi preprostega potenciala. Naj-

večji vpliv na strukturo ima v tem pogledu velikost delcev.

2. Druga možnost je uporaba kompleksnih potencialov. Današnja računska moč nam pomaga

simulacijo z velikim številom parametrov, kar včasih ni bilo mogoče.

V nadaljevanju bom predstavil nekaj primerov raziskav kvazikristalov v mehki snovi. Poleg

običajnih včasih raziskujemo tudi njihove aproksimante, ki jih kdaj uvedemo tudi zaradi lažje ma-

tematične obravnave z izbiro preprosteǰsega tlakovanja. Razlika med njimi je v tem, da so pri

aproksimantih gruče zložene periodično na posameznih območjih, vendar so ta območja po celotni

strukturi razporejena popolnoma naključno.

4.1 Simulacije mozaičnih kvazikristalov

Robinsonovi trikotniki so primerni za obravnavo dvodimenzionalnih kvazikristalov, saj je struktura

treh delcev oblike enakokrakega ali enakostraničnega trikotnika. Za opis interakcije med diski je bil

predlagna neskočna potencialna energija s stopnico [11]:

V (r) =


∞, r < σ

ε, σ < r < λσ

0, r > λσ

(9)

V njej σ predstavlja radij trde sredice diska, na obliko pa dodatno vpliva še širina stopnica, ki je

podana z razmerjem λ glede na dimenzijo sredice. Vǐsina stopnice ε določa energijsko skalo.

Glede en na drugega se lahko postavijo na štiri različne načine, odvisno od števila prekrivajočih

potencialnih stopnic med diski. To je prikazano na sliki 7a.

Diske so simulirali z metodo Monte Carlo kot sistem N = 4000 delcev v kvadratni škatli s

periodičnimi robnimi pogoji. V tipičnem ciklu je bilo za dosego ravnovesja potrebnih okoli 109

korakov. Pri različnih izbirah parametrov λ, σ, ε in reducirane temperature Θ = kBT/ε so odkrili

kvazikristale nizke gostote z 10-, 12-, 18- in celo 24-̌stevno rotacijsko osjo (slika 7b) ter gosteǰse faze

z 12- in 18-̌stevno simetrijo.

Rezultati pomagajo k razumevanju kvazikristalov v mehki snovi, pri katerih je pomembneǰsa

kontaktna interakcija, kot tista na daljavo. Simulacija je potrdila, da se lahko uravnovesijo skoraj

izključno pod vplivom medsebojnega odboja. Opaženi kvazikristali se lahko pričakujejo v mikro-

in nanogelih ter v organskih in anorganskih nanodelcih. Velikost sredice in lupine se bo lahko

kontrolirala s temperaturo, pH in drugimi stimulanti.
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Mosaic two-lengthscale quasicrystals
T. Dotera1, T. Oshiro1 & P. Ziherl2,3

Over the past decade, quasicrystalline order1 has been observed in many
soft-matter systems: in dendritic micelles2, in star3 and tetrablock4

terpolymer melts and in diblock copolymer5 and surfactant micelles6.
The formation of quasicrystals7–9 from such a broad range of ‘soft’
macromolecular micelles suggests that they assemble by a generic
mechanism rather than being dependent on the specific chemistry
of each system. Indeed, micellar softness has been postulated7 and
shown to lead to quasicrystalline order10. Here we theoretically explore
this link by studying two-dimensional hard disks decorated with step-
like square-shoulder repulsion that mimics, for example, the soft alkyl
shell around the aromatic core in dendritic micelles2. We find a family
of quasicrystals with 10-, 12-, 18- and 24-fold bond orientational order
which originate from mosaics of equilateral and isosceles triangles
formed by particles arranged core-to-core and shoulder-to-shoulder.
The pair interaction responsible for these phases highlights the role
of local packing geometry in generating quasicrystallinity in soft
matter, complementing the principles that lead to quasicrystal forma-
tion in hard tetrahedra11,12. Based on simple interparticle potentials,
quasicrystalline mosaics may well find use in diverse applications
ranging from improved image reproduction13 to advanced photonic
materials14.

The simple rules needed to encode the quasicrystalline order are as
remarkable as the order itself. All that is required to create a one-
dimensional quasicrystal is the Fibonacci sequence of long and short
segments such that their length and number ratios are equal to the
golden ratio t 5 (1 1

ffiffiffi
5
p

)/2 < 1.618. Also pervaded by t is the arche-
typal Penrose tiling, the two-dimensional analogue of the Fibonacci
quasicrystal composed of a small set of prototiles, such as the fat and
the skinny Penrose rhombi15. Because the golden ratio represents the
geometry of the regular pentagon, Penrose tiling must have a non-
crystallographic tenfold symmetry directly related to the shape of the
Robinson triangles forming the prototiles15.

The Robinson triangles are a very useful concept for constructing
quasicrystals from particles because in two dimensions the local struc-
ture of three particles with a two-lengthscale pair interaction is either
an isosceles or an equilateral triangle (Fig. 1c). Indeed, properly tailored
shoulder-like interactions as well as single-well and double-well inter-
actions (examples are simple step-like potentials16 and hard-core repul-
sion combined with square-well attraction17) do induce the formation
of decagonal17–19 and dodecagonal quasicrystals16,19,20. Here we propose
a bottom-up framework for two-lengthscale quasicrystals that is analo-
gous to the canonical-cell tiling model21, showing that such quasicrystals

1Department of Physics, Kinki University, 3-4-1 Kowakae, Higashi-Osaka 577-8502, Japan. 2Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, SI-1000 Ljubljana, Slovenia. 3Jožef
Stefan Institute, Jamova 39, SI-1000 Ljubljana, Slovenia.
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Figure 1 | Real-space structures and diffraction patterns. a, Snapshot
illustrating the mosaic nature of two-lengthscale quasicrystals; shown here is
the core-only representation of the HD12 phase with shoulder-to-core ratio
l 5 1.40, reduced temperature H 5 kBT/e 5 0.278 and packing fraction
g 5pNs2/4A 5 0.770 where N is the number of disks in a box of area A.
b, Hard-core/square-shoulder pair interaction. c, Local disk packings: collapsed
equilateral (C), short isosceles (S), long isosceles (L) and expanded equilateral
triangle (E). d, Location of quasicrystals in the phase diagram. Dashed lines

represent two hexagonal phases built from C and E triangles and two rhombic
phases built from S and L triangles, respectively. e–j, HD12 (e; same parameters
as in a), HD18 (f; l 5 1.27, H 5 0.208, g 5 0.780), LD10 (g; l 5 1.60,
H 5 0.133, g 5 0.550) and LD12 (h; l 5 1.95, H 5 0.154, g 5 0.430), LD18
(i; l 5 1.43, H 5 0.0885, g 5 0.490) and LD24 (j; l 5 1.29, H 5 0.098,
g 5 0.595) phases. Bonds drawn in the core-only representation (a and the
bottom-left parts of panels e–f) accentuate the polygonal tiles.
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Over the past decade, quasicrystalline order1 has been observed in many
soft-matter systems: in dendritic micelles2, in star3 and tetrablock4

terpolymer melts and in diblock copolymer5 and surfactant micelles6.
The formation of quasicrystals7–9 from such a broad range of ‘soft’
macromolecular micelles suggests that they assemble by a generic
mechanism rather than being dependent on the specific chemistry
of each system. Indeed, micellar softness has been postulated7 and
shown to lead to quasicrystalline order10. Here we theoretically explore
this link by studying two-dimensional hard disks decorated with step-
like square-shoulder repulsion that mimics, for example, the soft alkyl
shell around the aromatic core in dendritic micelles2. We find a family
of quasicrystals with 10-, 12-, 18- and 24-fold bond orientational order
which originate from mosaics of equilateral and isosceles triangles
formed by particles arranged core-to-core and shoulder-to-shoulder.
The pair interaction responsible for these phases highlights the role
of local packing geometry in generating quasicrystallinity in soft
matter, complementing the principles that lead to quasicrystal forma-
tion in hard tetrahedra11,12. Based on simple interparticle potentials,
quasicrystalline mosaics may well find use in diverse applications
ranging from improved image reproduction13 to advanced photonic
materials14.

The simple rules needed to encode the quasicrystalline order are as
remarkable as the order itself. All that is required to create a one-
dimensional quasicrystal is the Fibonacci sequence of long and short
segments such that their length and number ratios are equal to the
golden ratio t 5 (1 1

ffiffiffi
5
p

)/2 < 1.618. Also pervaded by t is the arche-
typal Penrose tiling, the two-dimensional analogue of the Fibonacci
quasicrystal composed of a small set of prototiles, such as the fat and
the skinny Penrose rhombi15. Because the golden ratio represents the
geometry of the regular pentagon, Penrose tiling must have a non-
crystallographic tenfold symmetry directly related to the shape of the
Robinson triangles forming the prototiles15.

The Robinson triangles are a very useful concept for constructing
quasicrystals from particles because in two dimensions the local struc-
ture of three particles with a two-lengthscale pair interaction is either
an isosceles or an equilateral triangle (Fig. 1c). Indeed, properly tailored
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the core-only representation of the HD12 phase with shoulder-to-core ratio
l 5 1.40, reduced temperature H 5 kBT/e 5 0.278 and packing fraction
g 5pNs2/4A 5 0.770 where N is the number of disks in a box of area A.
b, Hard-core/square-shoulder pair interaction. c, Local disk packings: collapsed
equilateral (C), short isosceles (S), long isosceles (L) and expanded equilateral
triangle (E). d, Location of quasicrystals in the phase diagram. Dashed lines

represent two hexagonal phases built from C and E triangles and two rhombic
phases built from S and L triangles, respectively. e–j, HD12 (e; same parameters
as in a), HD18 (f; l 5 1.27, H 5 0.208, g 5 0.780), LD10 (g; l 5 1.60,
H 5 0.133, g 5 0.550) and LD12 (h; l 5 1.95, H 5 0.154, g 5 0.430), LD18
(i; l 5 1.43, H 5 0.0885, g 5 0.490) and LD24 (j; l 5 1.29, H 5 0.098,
g 5 0.595) phases. Bonds drawn in the core-only representation (a and the
bottom-left parts of panels e–f) accentuate the polygonal tiles.
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(b)

Slika 7. (a) Potencial s stopnico in možne postavitve treh delcev pod njegovim vplivom. (b) Simuliran kvazikristal s
24-̌stevno rotacijsko simetrijo. Uporabljeno z dovoljenjem Macmillan Publishers Ltd: Nature (2014) [11].
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4.2 Polimerni kvazikristali

Med polimeri so opazili mezoskopski tlakovan vzorec z 12-̌stevno simetrijo v trikomponentnem po-

limernem sistemu [12]. Zvezdasti tripolimer ABC je sestavljen iz treh kemijsko različnih polimernih

blokov, povezanih v eni točki. Eksperimentalno so to opazili pri tripolimeru iz poliizoprena, polisti-

rena in poli(2-vinilpiridina). S pomočjo presevnega elektronskega mikroskopa (TEM) in sipalnega

vzorca rentgenskih žarkov so uspešno potrdili obstoj kvazikristala.

Omenjen tripolimer se je sicer običajno podreja Arhimedovem tlakovanju. Prvi ga je opisal

že Kepler, predstavlja pa tlakovanje pravilnih mnogokotnikov, ki ima translacijsko simetrijo. S

pomočjo simulacij Monte Carlo, kjer so spreminjali koncentracijo polimera C, so predvideli obstoj

kvazikristalne faze med dvema kristalnima.

Na sliki 8a vidimo sliko posneto z mikroskopom, ki ima vrisano mrežo. V spodnjem desnem

kotu je prikazana tudi slika hitre Fourierove transformacije posnetka. Zaradi lažje obravnave so

mrežo prevedli na Arhimedovo tlakovanje, sestavljeno iz pravilnih trikotnikov in kvadratov (slika

8b). Števili likov sta 461 in 200, njuno razmerje pa se z 2,305 skoraj popolnoma ujema z idealno

vrednostjo za dvanajstkotne kvazikristale, ki znaša 4
√

3 = 2,309.

Označeni predeli na sliki 8b so sicer kvazikristalni aproksimanti, saj imajo tako translacijsko kot

rotacijsko simetrijo, vendar so po ravnini razporejeni popolnoma naključno. Prav različna velikost

in orientacija teh aproksimantov ter dislokacije v strukturi morda vplivajo na nepopolno ujemanje

z dvanajstkotnimi kvazikristali.

Enake kvazikristalne strukture so bile opažene pri kovinskih zlitinah (∼ 0,5 nm), halkogenidih (∼
2 nm) in tekočih kristalih (∼ 10 nm). Predstavljen primer polimernih kvazikristalov je pomemben,

saj s svojo velikostjo ∼ 50 nm potrjuje obstoj dvanajstkotnih kvazikristalov v različnih velikostnih

redih. Njihova cilindrična struktura je zanimiva za nadaljne raziskave, še posebej za ugotavljanje

načina rasti takšnih kvazikristalov z dvanajstštevno simetrijo.
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In contrast to this two-dimensional image observed in

reciprocal space, Fourier transformation was carried out
using only the vertex data for Fig. 3(b). The result is
displayed in Fig. 4(b). The dodecagonal symmetry pattern
can be seen again, and we note that the observed diffraction
image in Fig. 4(a) agrees surprisingly well with the image
based on the real space data. The relative magnitudes of all
12 spots are not identical. Eight of them are stronger, and
four of them are weaker. This can be attributed to frozen
dislocations and possibly the nonuniformity of orientations
and the various sizes of two approximants in the mi-
crobeam region.

To investigate the existence of dodecagonal quasiperi-
odic translational order, we evaluated the phason strain of
the tiling in terms of higher dimensional (projection)
method [19,20], in which a DDQC is obtained by projec-
tion from a four-dimensional hyperlattice onto the physical
space. Assuming that eki and e?i are projections of the basis

vectors of the hyperspace onto two orthogonal subspaces,
physical (parallel), and perpendicular spaces, respectively,
all tiling vertices can be described by rk " P4
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FIG. 4 (color). (a) The microbeam small-angle x-ray scattering
pattern obtained for the annealed sample film of I1:0S2:7P2:5 with
approximately 30 "m thickness. The intensities of the outer 12
diffraction peaks are scaled up by a factor of 10. (b) The
simulated diffraction pattern for Fig. 3(b) displaying only peaks
above an arbitrary intensity. The radii of circles are proportional
to their intensities.
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FIG. 3 (color). (a) Observed square-triangle tiling. The imaginary tiling is superimposed on the TEM image which covers a much
wider area than that of Fig. 2(b). The FFT pattern from the TEM staining contrasts is also shown. (b) Transcribed tiling obtained by
transcribing the tile tessellation style in Fig. 3(a) using regular triangles and squares. To remove mismatches around dislocation cores
D1-D4, vertex positions are corrected by using Burgers vectors. The numbers of triangles and squares are 461 and 200, respectively,
with a triangle/square ratio of 2.305, which is close to the ideal value of 2.309 ("4=

!!!
3
p

) for dodecagonal quasicrystals. Two types of
approximants (3.3.4.3.4) (brown, pink, and violet) and 8=3 (yellow and green) are shown in colors according to their orientation, while
transition regions are in white, and consecutive squares are in red.
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Slika 8. (a) TEM slika polimernega kvazikristala z vrisano mrežo ploščic in izračunano uklonsko sliko. Zvezde
predstavljajo dislokacije v strukturi. (b) Mreža, prevedena na tlakovanje iz pravilnih trikotnikov in kvadratov. Opažena
sta bila dva tipa aproksimantov v različnih orientacijah, označena z rjavo, roza in vijolično ter rumeno in zeleno barvo.
Rdeče so pobarvani skupajležeči kvadrati, belo pa prehodna območja. Uporabljeno z dovoljenjem American Physical
Society (2007) [12].
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In exploring the binary phase diagram of 13.4-nm Fe2O3 and 5-nm
Au nanoparticles in proximity to the (32.4.3.4) phase, we observed
reproducible formation of a type of binary superstructure that did not
possess any translational symmetry (Fig. 2). The structure also exhibited
sharp electron diffraction patterns corresponding to dodecagonal (that
is, 12-fold) rotational symmetry (Fig. 2a, inset), which is forbidden in
periodic structures. Different superstructure domains showed strikingly
similar electron diffraction patterns (Supplementary Fig. 2), ruling out
the possibility of diffraction artefacts caused by twin planes or other
crystal defects. Straight lines connecting centres of Fe2O3 nanocrystals
generated patterns of squares and triangles without self-repeating
domains (Supplementary Fig. 3). Observed electron diffraction patterns,
along with previous theoretical analyses of square–triangle lattices20–22,
allowed us to identify these self-assembled nanoparticle superstructures
as aperiodic but long-range-ordered structures known as quasicrystals.
Despite the absence of translational symmetry, rotational symmetry
originates from the directionality of ‘bonds’ between adjacent Fe2O3

nanocrystals at angles that are multiples of 360u/12 5 30u.

Formation of the dodecagonal quasicrystal (DDQC) in a square–
triangle lattice requires that the total tiling area occupied by squares
be equal to that occupied by triangles, that is, N3/N4 5 4/

ffiffiffi
3
p

< 2.31
(ref. 20). Following the experimentally observed packing rule
whereby each triangle has an Au nanoparticle in its centre and each
square contains one (Au)6 cluster (Fig. 2a, b), the overall stoichi-
ometry of the DDQC nanoparticle superlattice is derived to be
A2z

ffiffi
3
p B4z6

ffiffi
3
p , or approximately AB3.86. We calculated the N3/N4

ratio and stoichiometry from several independently formed domains
and found that N3/N4 5 2.30 6 0.2, corresponding to stoichiometry
AB3.84 6 0.09, in agreement with the expected values. In three dimen-
sions, the DDQC can be described as a periodic stack of quasi-
periodic layers, that is, the planar realization of a quasi-periodic
order5. Because of the layered structure, the three-dimensional
DDQC can be imaged in real space along the 12-fold symmetry axis5

(Fig. 2). In thick domains, the nanocrystals and (Au)6 clusters fol-
lowed the one-on-one packing indicated in Fig. 2a, b and Supplemen-
tary Fig. 4 by the contrast differences and rotational moiré fringes

a b

c

50 nm 50 nm

5 nm

Figure 2 | Dodecagonal
quasicrystals self-assembled from
spherical nanoparticles. a, TEM
image of a quasicrystalline
superlattice self-assembled from
13.4-nm Fe2O3 and 5-nm Au
nanocrystals. Inset, selected-area
electron diffraction pattern with
non-crystallographic 12-fold
rotational symmetry measured
from a ,6-mm2 domain.
b, Magnified view of a dodecagonal
nanoparticle quasicrystal.
c, Dodecagonal quasicrystalline
superlattice self-assembled from
9-nm PbS and 3-nm Pd
nanocrystals. Inset, fast-Fourier-
transform pattern of the
quasicrystalline superlattice.

a b c
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(36)
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(44)

Figure 1 | Periodic binary superlattices self-
assembled from 13.4-nm Fe2O3 and 5-nm Au
nanocrystals. a, AlB2-type superlattice; b, CaB6-
type superlattice; c, superlattice with AB4

stoichiometry and the structural motif of the
(32.4.3.4) Archimedean tiling. d, Electron
diffraction pattern measured from a ,6-mm2

domain of the AB4 superlattice shown in
c. e, Archimedean tilings used to describe the
structure of the nanoparticle superlattices. f, A
fragment of a superlattice corresponding to the
(33.42) Archimedean tiling.
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Slika 9. TEM slika kvazikristalne supermreže, sestavljene iz 13,4 nm Fe2O3 in 5 nm Au nanokristalov. Dorisan je pri-
mer tlakovanja iz trikotnikov in kvadratov. Uporabljeno z dovoljenjem Macmillan Publishers Ltd: Nature (2009) [13].

4.3 Nanodelčni kvazikristali

Običajno se nanodelci različnih kovin, polprevodnikov in magnetnih materialov iz koloidnih raztopin

lahko sami formirajo v urejene supermreže. To so periodične strukture, sestavljene iz plasti dveh

ali več različnih snovi.

V sistemu 13,4 nm Fe2O3 in 5 nm Au nanokristalov so opazili dvanajstkotne kvazikristalne

strukture. Ta sistem ima bogat fazni prostor in večinoma vsebuje periodične faze. Posamezno plast

lahko opǐsemo z Arhimedovim tlakovanjem iz trikotnikov in kvadratov. Med pregledovanjem faz

pa so po naključju odkrili suprestrukturo, ki ni imela translacijske simetrije. Ko so izločili vpliv

defektov in ostalih plasti, so potrdili dvanajstštevno simetrijo. Povezana je s koti, ki jih oklepajo

”vezi”med sosednjimi nanokristali Fe2O3 in so večkratniki 2π/12.

Nastalo strukturo lahko opǐsemo kot periodični sklad kvaziperiodičnih plasti, zato nam tukaj tudi

prav pride obravnava s tlakovanji. Za formacijo dvanajstkotnih kvazikristalov iz mreže iz trikotnikov

in kvadratov mora biti razmerje likov N3/N4 = 4/
√

3 ≈ 2,31. S posnetka presevnega elektronskega

mikroskopa so zrisali podobno mrežo, kar prikazuje slika 9. Izračunano razmerje N3/N4 = 2,30±0,2

se dobro ujema s teoretično napovedjo.

Odkritje nanodelčnih kvazikristalov nakazuje, da za njihovo formacijo niso potrebne posebne

kombinacije interakcij med gradniki, ampak njihov nastanek preprosto določajo le entropija in pre-

proste meddelčne interakcije, kot so coulombska in van der Waalsova.

Sverični nanodelci so zanimivi za modeliranje geometrijskih in električnih lastnosti individualnih

atomov. Njihova samostojna organiziranost v kvazikristale nam pomaga pri razumevanju tega

pojava v atomskih sistemih. Zaradi preprostosti so primerni za raziskovanje svetlobnih lastnosti

kvazikristalov s podobno simetrijo.

4.4 Koloidi na kvazikristalni površini

Ena plast na kristalni strukturi lahko tvori kompleksno zgradbo s popolnoma drugačnimi fizikalnimi

in kemijskimi lastnostmi kot običajno. Kvazikristali imajo že sami po sebi zanimive lastnosti, zato

je pričakovano, da jih bodo tanki filmi na njihovi površini prevzeli.

Kvaziktristalni potencial so simulirali s petimi linearno polariziranimi laserskimi žarki, ki tvorijo

pravilni petkotnik (slika 10a). Njihov interferenčni vzorec prikazuje slika 10b, iz katere opazimo,

da je razmerje stranic različnih petkotnikov v razmerju zlatega reza τ . S povečevanjem intenzitete
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Archimedean-like tiling on decagonal quasicrystalline
surfaces
Jules Mikhael1, Johannes Roth2, Laurent Helden1 & Clemens Bechinger1,3

Monolayers on crystalline surfaces often form complex structures
with physical and chemical properties that differ strongly from
those of their bulk phases1. Such hetero-epitactic overlayers are
currently used in nanotechnology and understanding their growth
mechanism is important for the development of new materials and
devices. In comparison with crystals, quasicrystalline surfaces
exhibit much larger structural and chemical complexity leading,
for example, to unusual frictional2, catalytical3 or optical prop-
erties4,5. Deposition of thin films on such substrates can lead to
structures that may have typical quasicrystalline properties.
Recent experiments have indeed showed 5-fold symmetries in the
diffraction pattern of metallic layers adsorbed on quasicrystals6,7.
Here we report a real-space investigation of the phase behaviour of
a colloidal monolayer interacting with a quasicrystalline decagonal
substrate created by interfering five laser beams. We find a pseudo-
morphic phase that shows both crystalline and quasicrystalline
structural properties. It can be described by an archimedean-like
tiling8,9 consisting of alternating rows of square and triangular tiles.
The calculated diffraction pattern of this phase is in agreement with
recent observations of copper adsorbed on icosahedral
Al70Pd21Mn9 surfaces10. In addition to establishing a link between
archimedean tilings and quasicrystals, our experiments allow us to
investigate in real space how single-element monolayers can form
commensurate structures on quasicrystalline surfaces.

Quasicrystals are unusual materials: they are aperiodic but retain
true long-range order11. Although quasicrystalline structures have
been theoretically also predicted in systems with a single type of

particle12,13, experimentally their spontaneous formation has been
observed only in binary, ternary or even more complex alloys14.
Accordingly, their surfaces exhibit a high degree of structural and
chemical complexity and show unexpected mechanical, electrical and
optical properties15. To understand the origin of those characteristics
it is useful to disentangle structural and chemical aspects; this can be
achieved by growing single-element monolayers to quasicrystalline
surfaces16,17. Apart from adding to our understanding of how quasi-
crystalline properties can be transferred to such monolayers18, this
approach might permit the fabrication of materials with previously
unobserved properties. Heteroepictatic growth experiments on deca-
gonal and icosahedral surfaces did indeed show the formation of Bi
and Sb monolayers with a high degree of quasicrystalline order as
determined by low-energy electron diffraction and elastic helium-
atom scattering experiments6,18. In comparison with reciprocal space
studies, it was only recently that scanning tunnelling microscopy
permitted an atomic resolution of the adsorbate morphology7.
Even then, however, it was difficult to relate the structure of the
adsorbate to that of the underlying substrate.

Here we report an experimental study of the phase behaviour of a
two-dimensional colloidal monolayer in the presence of a quasicrys-
talline substrate potential. The quasicrystalline substrate potential is
created by the interference of five laser beams in the sample plane
(Fig. 1a, b). As a result of optical gradient forces19, this light pattern
acts as a decagonal quasicrystalline surface for the colloidal part-
icles20,21. Figure 1b shows the light intensity distribution in the sample
plane, which displays maxima arranged in pentagons of different

12. Physikalisches Institut, Universität Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany. 2Institut für Theoretische und Angewandte Physik, Universität Stuttgart,
Pfaffenwaldring 57, 70569 Stuttgart, Germany. 3Max-Planck-Institut für Metallforschung, Heisenbergstrasse 3, 70569 Stuttgart, Germany.
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Figure 1 | Experimental realization of colloidal
quasicrystals. a, Five linearly polarized
(polarization as indicated by arrows) parallel
laser beams forming a regular pentagon are
focused with an achromatic lens into a thin
sample cell. b, Experimentally determined
intensity distribution of the interference pattern,
which acts as a substrate potential for the
colloids. The pattern displays a decagonal
symmetry and the predominating motifs are
pentagons (indicated in white) with sides of
different lengths related by the golden ratio
t 5 L/S. Here S 5 5.64 mm and L 5 9.13 mm. The
colour coding of the intensity field ranges from
green to red and reflects the variation in potential
well depth. c, Configuration of colloidal particles
at a density of W 5 0.0264 mm22 exposed to a
decagonal substrate interference pattern.
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sizes whose side lengths and heights are related by the golden ratio
t 5 (1 1 !5)/2 5 1.618…. The substrate strength can be continu-
ously adjusted by the laser intensity I0 (ref. 22). As a colloidal sus-
pension we used highly charged polystyrene spheres of radius
R 5 1.45 mm suspended in water in a silica cuvette with a height of
200 mm. Particles at distance r interact through a repulsive screened

electrostatic-pair potential u(r)!
1

r
exp ({kr) whose range depends

on the Debye screening length k21 given by the ion concentration of
the suspension23. Particle positions are observed in real space with
digital video microscopy, which allows us to determine their posi-
tions relative to the substrate potential with a precision of about
50 nm (Fig. 1c). From the particle coordinates we obtain the particle
density distribution r(x,y) and the two-dimensional structure factor
S(qx ,qy), the latter being equivalent to the diffraction pattern. In
addition we calculated the projection of the structure factor on the
qx axis, !SS(qx), which corresponds to a slice in the real-space structure
along the projection direction14.

Figure 2a–d shows how r(x,y) and S(qx ,qy) of a colloidal monolayer
with a particle density W 5 0.0465mm22 and k21 < 160 nm changes
when the substrate strength of the decagonal substrate is increased. In
absence of a substrate potential (I0 5 0) the system crystallizes as
shown in Fig. 2a, b. The observed structure can be described by a
triangular lattice (green tiles) whose vertices are defined by the max-
ima of r(x,y). Apart from some defects, each vertex is surrounded by
six triangular tiles forming a (36)-vertex type. The crystalline structure
is confirmed by the diffraction pattern, which has 6-fold coordinated
spots leading to periodically spaced peaks in the projected diffraction
pattern !SS(qx) (Fig. 2b). The intensity of the peaks decreases
with increasing diffraction order, reflecting the thermal motion of

particles24. In the presence of a quasicrystalline light field, the particles
also interact with the corresponding surface potential, and the equi-
librium structure will change. To establish equilibrium conditions, the
laser intensity I0 was increased at a rate much smaller than the typical
relaxation time of the colloidal system. At low I0, the electrostatic
colloidal repulsion dominates over the colloid–substrate interaction
and the crystalline structure remains mainly intact. In agreement with
numerical simulations of weakly adsorbed atomic systems, we observe
the alignment of crystalline domains along the 5-fold directions of the
quasicrystalline substrate25.

For I0 . 1.3 mW mm22, however, we observe a structure that shows
neither a triangular nor a decagonal symmetry. As an example we
show the situation for I0 5 2 mW mm22 (Fig. 2c, d). In contrast with a
triangular structure, in which the nearest-neighbour distance distri-
bution has a single peak, here it is bimodal (data not shown). The
structure is well characterized by a tiling composed of squares (blue)
and triangles (green), with the vertex–vertex bonds being selected by
their length and angle (for details see Methods). The tiling structure
has rows of triangles and squares mainly aligned in one direction with
some intrusions at an angle of 72u. The direction of the rows varied
between different experiments but always corresponded to one of the
five orientations given by the substrate potential. The peaks in
S(qx ,qy) are periodically spaced along the qx direction (as clearly seen
in the projection !SS(qx)), whereas in the qy direction their distance is
close to the golden ratio t (see vertical spacing of white arrows). This
is a clear signature of quasicrystalline order along the y direction.
Obviously, the competition between the colloid–colloid repul-
sion and their interaction with the quasicrystalline substrate leads
to a phase that has both periodic and quasicrystalline structural
properties.
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Figure 2 | Real and reciprocal space structure of
the adsorbate. a, b, Crystalline phase (I0 5 0,
k21 < 160 nm). a, Particle density distribution
(shown in the upper right corner) and tiling with
triangles. Increasing particle density is labelled
from white through green to red. b, Diffraction
pattern and projection !SS(qx). c, d, Intermediate
phase (I0 5 2 mW mm22, k21 < 160 nm).
c, Particle density and tiling of colloidal
monolayer subjected to a decagonal light lattice.
The tiling consists of rows containing triangles
(green) and squares (blue). d, S(qx,qy) and !SS(qx).
The arrows indicate diffraction peaks also found
in the quasicrystalline phase in f. e, f, Quasi-
crystalline phase (I0 5 2mW mm22,
k21 < 10 nm). e, Particle density and tiling
composed of pentagons (yellow), rhombuses
(pink), crowns (violet) and pentagonal stars
(brown). f, S(qx,qy) with 10-fold symmetry and
!SS(qx) with peak spacing given by t.
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d

Slika 10. (a) Shema simuliranega kvazikristalnega potenciala s petimi laserskimi žarki. (b) Interferenčna slika laserjev
z vrisanimi pravilnimi petkotniki, ki imajo stranice v razmerju zlatega reza. (c) Koloidni delci v potencialu. (d) Pre-
kritje ravnine s Penroseovim tlakovanjem. Uporabljeno z dovoljenjem Macmillan Publishers Ltd: Nature (2008) [14].

laserjev, so dosegli kvazikristalno fazo z desetštevno simetrijo, ki se ujema s potencialom. Plast

je bilo takrat mogoče prekriti s Penroseovim tlakovanjem, kar še dodatno potrjuje neperiodično

zgradbo.

Takšni poskusi pomagajo razložiti ravnovesno strukturo tankih plasti na površini kvazikristalov,

ob enem pa pomagajo k razumevanju rasti tridimenzionalnih kvazikristalov.

5. Zaključek

V področju mehke snovi, lahko opǐsemo različne kvazikristale z 10-, 12- in celo 18-̌stevno rotacijsko

simetrijo, ki doslej v kovinah še ni bila opažena. Pri nekaterih specifičnih snoveh lahko kvazikristalno

naravo opǐsemo le v dveh dimenzijah, saj so v tretji bodisi periodične, bodisi izotropne. Tlakova-

nja odlično opǐsejo in razložijo prepovedane rotacijske simetrije in nam pomagajo pri matematični

obravnavi strukture. Uvedba kvazi-osnovne celice nam približa njihovo obravnavo k običajnim kri-

stalom.

Simulacije in eksperimenti so potrdili več kvazikristalov med polimeri, koloidi in drugimi snovmi.

Potrebujejo drugačno obravnavo kot kovinski kvazikristali, saj so njihove kvazi-osnovne celice v

primerjavi z 0,5 nm lahko velike tudi 50-80 nm pri polimerih. Pričakuje se enoten opis kvazikristalov

v vseh velikostnih redih.

Področje je še vedno zelo mlado in aktivno, saj se raziskuje uporaba mehkih kvazikristalov v

optiki kot fotonskih kvazikristalov in uporaba v nanotehnologiji. Mehka snov tudi pomaga pri

raziskovanju kvaziperiodičnih potencialov.
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